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Abstract— The diminished-one encoding is often considered
when representing the operands in the modulo 2*+1 channels of a
Residue Number System (RNS) since it can offer increased
arithmetic processing speed. However, limited research is
available on the design of residue-to-binary (reverse) converters
for RNSs that use the diminished-one encoding in one or more
channels. In this paper we introduce a simple methodology for
designing such converters which can be applied to reverse
converters based on the Chinese Remainder Theorem (CRT) or
the New CRT-I method. Efficient converters for three moduli
sets, covering different dynamic ranges, are also analytically
presented. The proposed converters are shown to be area, delay
and power efficient for several moduli sets.

Keywords: Residue number system, diminished-one encoding,
reverse converter, Chinese remainder theorem, New CRT-1

I. INTRODUCTION

The Residue Number System (RNS) is commonly adopted
for speeding up computations in digital signal processing,
cryptography and telecommunication applications [18], [25].
An RNS is defined by a set of moduli {m,, m,, ..., m,} that are
pair-wise relatively prime integers. An operand X € [0, M),
with M =m; Xm, X...xm, , is uniquely represented in this

RNS by the set {xi, x, ..., x,} of residues, where x, = |X|m is

the residue of X when divided by m;.

An RNS-based system consists of three main blocks. At
first, all operands are converted to their corresponding sets of
residues with binary-to-residue  (forward) converters,
according to the specified moduli set. Then, the arithmetic
processing is performed in parallel in each channel following
the corresponding modulo arithmetic. Finally, the RNS
representation of the results is converted back to binary with
residue-to-binary (reverse) converters.

RNSs with moduli of the 2%, 2*-1 and 2*+1 forms have
received significant attention since arithmetic circuits for the
2%+1 moduli are almost as efficient as the binary ones while
several efficient forward and reverse converters have been
proposed for them. To this end, in the following we assume
RNSs with moduli sets that consist of one modulus of the 2*
form while all the remaining moduli are of the 2*+1 forms,
which is the most common case. In such RNSs, a modulo 2%+ 1
channel has to deal with operands one bit wider than the

corresponding modulo 2%-1 or 2* channels, leading to a
performance bottleneck. To avoid this, the diminished-one
encoding was introduced in [16]. In this representation each
modulo 241 operand is encoded by k+1 bits; k of them
encode a value that is decreased by one compared to the value
of the normal (weighted) encoding while an extra bit indicates
a zero operand or result. Arithmetic units perform their
calculations on the k£ bits of each operand, while zeros are
treated in a special way. As a result, the architectures for
diminished-one modulo 2*+1 addition, multiplication and
squaring that have been presented [2], [8-10], [14], [27], [30]
are more delay and/or area efficient than those for the normal
encoding.

Forward conversion for the diminished-one encoding is
equally and in some cases even more efficient than the
conversion for the normal encoding [7], [29]. On the other
hand, the reverse converters that have been reported in the
open literature, excluding the converter reported in [7] for the
{2"-1, 2" 2"+1} moduli set, assume a normal encoding for
the residues of the 2*+1 form. That is, it is silently assumed
that a two-step approach is required for the reverse conversion
in an RNS-based system that uses a diminished-one encoded
channel: a diminished-to-normal converter (DNC) has to be
used before the final reverse conversion as shown in Figure
1(a). The diminished-to-normal converter can be based on a
controlled binary incrementer [10] but its logarithmic delay
may cancel all the speedup achieved in the arithmetic
processing. An initial attempt to deal with this problem was
reported in [28] where modulo 2+1 adders, subtractors and
multipliers with diminished-one encoded inputs and normally
encoded outputs have been presented. However, a more
elegant solution that is based on a simple and generic
methodology is presented in this work.

In the following we present a methodology for designing
efficient reverse converters, for any RNS that uses one or
more channels of the 2*+1 form with their operands encoded
in diminished-one, by embedding the diminished-to-normal
conversion within the reverse conversion (see Figure 1(b)).
The proposed methodology can be applied to the design of
reverse converters that are based on the Chinese Remainder
Theorem (CRT) [18], [25] or the New CRT-I [31], that are the
most frequently adopted theorems for that purpose. The
Mixed Radix Conversion (MRC) [18], [25] is also
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Fig. 1. (a) RNS system with normal reverse converter driven by diminished-to-normal converter(s) , (b) RNS system adopting the proposed diminished-one
residue to binary converter

considered for certain design cases. The resulting converters
are in all cases more efficient compared to the equivalent
solution that utilizes normally-encoded reverse converters
driven by diminished-to-normal converter(s), in terms of area,
delay and power dissipation. In most examined cases, they are
also equally or more efficient than the converters that assume
normal encoding of the operands.

The rest of the paper is organized as follows. In Section II
we formally derive the proposed converters and present
analytical examples of them for three different moduli sets,
while Section III presents evaluation and comparisons.
Conclusions are drawn in the last section.

II. PROPOSED METHODOLOGY FOR REVERSE CONVERTERS
WITH DIMINISHED-ONE ENCODED INPUTS

Consider an RNS with the p-moduli set {m;, m,, ..., m,}
and a number Xe [0, M), where M =m; Xm,X...Xm,.Xis

uniquely represented in this RNS as {x;, x,,
X = |)(|ml Xy = |‘X|m2 s Xp = |X|mp '

..., Xp}, where

Moduli sets usually contain a modulus with an even value
which is a power of two. Without loss of generality we
assume that this modulus is m;. Assume that a modulus of the
form 2"+1 exists among the remaining moduli {m,, ..., m,}.
Let this modulus be m; and let its residue be x;, | <i<p. Ifx;
is normally encoded, then it consists of (k+1) bits. If it is
encoded in diminished-one, then x; is represented by (x;, X)),
where x;. is the zero indication bit and x;; denotes the k-bit
diminished-one number part. For this encoding it holds that

1,0) ,whenx; =0
(xiz’xid):{ (1)

(0,x; -1) ,whenx; #0

or equivalently, x=x,; when x;=1 and x;/=x;,+1 when x;,=0 [10].

An efficient reverse converter assuming a diminished-one
encoding on x; can be derived from the corresponding reverse
converter that assumes that x; is normally encoded. We show
in the following and analytically prove that all that is required
is the replacement in the latter converter of the residue x; with,

x/ +1where x/ =2"x, +x,, . Note that x/ is also a (k+1)-bit
vector while its increment by one can be achieved by
considering a constant term, whose bits in most moduli set

cases can be merged with the rest constants required.
Although it is obvious that adding 1 is required when x;,=0,
the main difficulty stems from having to deal with zero
operands as well, that is, when x;=1 the increment by 1 should
be cancelled. In the proposed methodology we show that this
can be efficiently achieved without severe performance
degradation, by considering x;, as a bit with a weight equal to
2k along with the bits of x;,.

The proposed methodology can be adopted in any CRT-
based or New CRT-I based reverse converter irrespectively of
the number of the moduli that are of the 2*+1 form.

A. CRT-based Converters

Given a pair-wise relatively prime moduli set {m;, m,, ...,
m,}, the CRT [18, 25] states that a number X can be derived
from its residues {x;, x,, ..., x,} by the following equation:

P P

X =Yg x| =D | x - acom or

= ", A "
P

equivalently: X + A(X)M :Zn% j
=

=1, I<j<pand A(X) is a

n%;l‘m}xj Q)
J

Al A

where mj=M/mj, mj mj

m

non-negative integer which is a function of X (or equivalently
x,—S) .

Assuming that m, is equal to a power of two, it is common
practice to divide both parts of Equation (2) with m; and take

the result modulo m,...m, We then have that:
| |- = |~ -1
||_X/m1J| = ml‘ml ‘ x1+...+mi‘m,~ ‘ X+
my...m, m m;
| x
p|"p |, "p
4 my...n,
where m;=m, [m. X can then be computed by

X =x +m1||_X / mlsz.“mp , that is, by concatenating the bits

that are derived by the modulo m,...m, addition with the bits
of x; [25].

Assume that among the set {m,, ..., m,} there exists one
modulus, m;, 1<i< p, which is of the 2°+1 form and its



corresponding operand x; is encoded in diminished-one. Then,
according to the proposed methodology, x; should be replaced

by X, +1, where x] = 2kx,-z +x;, . Thus, two steps are required:
i) the (k+1)-bit vector x/ should be used instead of the vector

x; and ii) since x; is multiplied by r71[|ﬁ1[ l| , a constant
m

i

should be also

my...m,

correction term equal to CT =

i i |
added in order to accommodate for the required increment of
x! by 1. A proof of the validity of the proposed methodology

follows.

Proof:

Suppose that x; is replaced by x/ and CT is also taken into
account. We can then distinguish the following two cases:
a) if x;#0, then x;,=0, x: =X,; and

~ -1 ’ _ ~ -1
m,—‘m,- ‘ x;+CT = m,—‘m,- ‘ (x;g +1)
i my...m, i ny...m,
|-t
m;\m; X
m;
B my...m
b) ifx~0 then x.=1, x/ =2* and
~ |~ ’
‘mi‘mi ‘ x; +CT]
mn;
mz...mp
e ]aa k ~ | A
_‘mi i ‘ 2"+ _‘mi i m
i my. " my...m
_ ~ -l =0=m.|m?!
=\my...m ,|m; =0=|m;|m;"| x;
i my...m, i my...m,

Hence, in all cases the correct result is derived.
[

If more than one moduli of the 2+1 form exist in the same
moduli set (eg. as in the RNS considered in [15]) and all or
some of their corresponding residues are encoded in
diminished-one, then the proposed methodology still holds.
The correction term that is then required is equal to the sum
taken modulo m,...m, of the corresponding rﬁi|ﬁ1[_ l| terms
of the moduli that adopt the diminished-one encoding.
Example 1: Consider the 4-moduli set {27, 2/+1, 2-1, 2%+1}
which has a dynamic range approximately equal to (5p+k) bits
and two channels of the 2"+1 form. This moduli set was
considered in [15]. In order to compute X from its residues

! :|X|2P*" > 2 :|X|2”+1 » X3 :|X|2,,_1 and X, :|X|22”+1’
where x, and x, are normally encoded, the CRT is utilized in
[15]  resulting in  the relation given  below:

X =x,+ 27" 4x; + (B, + By)x + Cxy + (D + Dy)xy 0,
with

A=-2"*

Bl — _(24p—k—2 + 22p—k—2)

Bz — (23])4{72 + 2p*k72)

C= (24;)71(72 $03Pk2 | p2pkd 2p*k72)

_ n3p-k-1 —
D, =2"*" p, =
Let X1 pthk-1-+-%X1,0 X2, p- - -X2,0, X3 p-1-+-X30 and X42p-+-X40 denote the

bits of the residues xi, x,, x3 and x4, respectively. Recall that
for a single bit z it holds that

‘szﬂzk =2tzk1,0StSk—l and let z denote the

complement of z . According to [15], the following six 4p-bit
vectors can be derived:

_2p—k—1

I/l = |Ax1|24[,71 = xl,p+k71...x1,kx1’k71...xl,o1...1
3p—k

)4 k

Vz =|le2|24p71 =xZ,k+1...xZ’01...I.X2’p...X2,01...l.xZ,p....xZ’k+2
[ p—l%’_/ p-1
k2 il k-1

Vs = |Bzx2|24,,1 0...0x; ,,..x500...0x; ,..X5 1 %5 4 0...0
k+1 f - -1 ———

p+ p p—k-1

V4 = |Cx3 |24p_1 = .X3’k+1 ...X3,0 X3,p_1 ...X3’0 X3,p_1 ...X3,0

k+2 P )4
X3, p1-X3,1 X3,0X3, p—1 X3 k42

p—k—1

p-1

Vs =|D1x4|24p_1 =Xy pakX400..0X4 50Xy
2p-1

ptk+1 p—k

Vs =|D2x4|24,,71 =L 1% 05 Xap L]
p+k 2l p—k-1
However, if the (3p—k) least significant bits of vectors V)

and Vs are swapped, then the vectors 7" and ¥/ are formed,

;= - - R —
where V=X X X g X0 X0 Xa 0 Leoe] and
k-1
» k 2041 P
’ . . ’ 4
Vg =1..1. Since it holds that |V6 | :|1...1|24L1 =0, Vs
4p

can be ignored and hence the reverse converter can be realized
with one less Carry Save Adder (CSA) with End-Around-
Carry (EAC) than reported to [15] and a final fast modulo
2%_1 adder.

If both x, and x; are encoded in diminished-one, then
according to the proposed methodology, x, and x4 are replaced
=2Px), +x,; and xj =2%7

4
by the vectors X, Xgp +Xag >

respectively, and the constant correction term, CT, that should
be taken into consideration is:

_ ‘(_24,;71(72 4 03pk=2 _n2p-k-2 2p7k72)

+ (23])—]{—1 _ 2p—k—1

We show in the following that the resulting diminished-one
reverse converter does not introduce any area and delay
overheads compared to the simplified normally-encoded one
previously presented. Let x,,,...x,0 and x4,,...X40 also denote

) |24P—1

the bits of x; and xi, respectively. By summing all constant

bits of vectors ¥, and ¥, along with CT modulo 2*-1, we

derive a single overall correction term denoted as CT,,.



Specifically, the 1s from vectors 7" and V, can form the

values Tjrand Ty, respectively, with:
T, =201, 1, =7 =02 2 —2r
Hence C7T,, is equal to:

CT,, =[CT+Ty+ Ty,

‘ 93p=k=2 _ppk-l | o p-k-2

_1| .
2%
- ‘(221”‘1 —n2r @R oy,

0..01..101...1
—_— e e
p+k+2 2p-1  p—k-2

Furthermore, vector V5 is now written as:

vy = X g1 +%,00::0%5 0. X5 0...0%, .5 415
k2 P TN

CT,, can be merged with the non-constant bits of vector V",

V', and Vs forming the vectors:

V= Xy kot - X Xy g oo Xy 0 Xg 2 oKy g O L 1

p—k-2

» k 2p+l

- _ - - -
V) =Xy 41%000...0%, .., .. 1X, ,..X,,,, and

= =
k+2 ? pr1 7 k-1

’
Vs =Xy prgXg000..10..0X, 5 00Xy g -
|y

-2
prk+l L p—k

Thus, the final vectors to be added are ¥, V5, Vs, Vyand Vs .

Fig. 2 presents a block diagram of the proposed converter.
Hence, the proposed converter with diminished-one encoded
channels is as efficient as the one that follows normal
encoding.

[
Example 2: Consider the well-known 3-moduli set {m;=2",
my=2"-1, my=2"+1} which offers a dynamic range
approximately equal to 3n bits. For computing X from its

s Xp = |X iy and X3 = |X gy » the CRT
can be utilized resulting in the following Equation [1]:
X =x +2”‘—2"x1 +(227 427 ),

residues x| = |X

3)

+(=22" 2" N,

2211
Thus X can be reconstructed by concatenating the 2n bits
derived by the modulo 2*"-1 summation with the  bits of x;.
A very efficient residue-to-binary converter for this moduli
set, assuming that x; is normally encoded, is the one presented
in [33]. It utilizes the CRT and Equation (3) and its
implementation requires the modulo 2*-1 summation of only
three vectors. If x; is encoded in diminished-one then,
according to the proposed methodology, the (n+1)-bit vector

x5 =2" x5, + x5, must be used instead of x3 and an additional
2n-bit vector (CT =|-22"" 42" ,, ) is required in order to
2%

increase it by 1.

X1 X' X3 X3

p/i 2p+1‘

pkl pr]
[ Vector Formation |
1
4,{ vl’1 4p 1’2 4ﬁ V3 V4 v!s
A A

CSA with EAC

CSA with EAC

4p
Y Y
CSA with EAC

4p

4p, 4p,
Modulo 2*°-1 Adder
(with single zero representation)
X1

i

—
X

Fig. 2. Proposed reverse converter for the {27-1, 27" 27+1, 2%"+1} RNS

However, CT can be efficiently merged with the remaining
vectors. Let x3,,.1...X30, Xo.1...X20 and xy,....x;o denote the
bits of the n-bit vectors x3,4, x; and x;, respectively. Assume at
first that x;#0. Then x3,=0, x3,=x3-1 and (x} +1) = x;. We can

easily derive the 2n-bit vectors for the terms of Equation (3):

-2" =|2%" -1)-2"
‘ M2y ‘( ) My 4)
=X, .- X0l...1
22n—1+2n—1
‘( ).x2 2211_1 (5)

= X2,0%2,0-1 -+ X2,0% 2,01 -+ X2,

‘(—22"*1 +2" N +1)

21
=2 27y 4 )

2n-1 n—1
=2 2 |,
= ()_63’0)63,”,1 . x3,0f3’n,1 . i3,1) + (OLJO . O) +CT

n n—1

(6)

23]

= |(x3,0x3),,_1 i X30%3 oy -eX3) = CT+ CT|22,, 4

= X303 -1 - X3,0X3 g -+- X3 )

Assume now that x3=0 (x3,=1, x3,~0). Then the increment in
(x; +1) should be cancelled since it holds that x3,=x; instead of
x37~x3-1. According to the proposed methodology, this can be
achieved by using the value 2" asx}. Equivalently we may

choose to subtract 1 from xj and therefore add
~CT=2""=2"")=01...10...0=0x3, ...x;,0...0 to the
n  n-1 T

value of the 2n-bits wide vector of Equation (6). Since x3, and
X3;, 0<i<n, cannot be simultaneously at 1, we can simply
replace the vector of Equation (6) with:

(7

X3,0%3,n-1 -+ X3,0X3,0-1 -+ X3,1



where fc3j =X3; VX3, 0<i<n,and v denotes a logic OR.

Hence, in all cases, the modulo 2*-1 summation of
Equation (3) can be performed by adding the 2n-bits vectors
of Equations (4), (5) and (7), without any extra cost related to
the introduction of the C7. Compared to the converter of [33],
the proposed converter requires the same delay but has
smaller area.

]

B. New CRT-I based Converters

The New CRT-I [31] was introduced as an alternative
method that reduces the size of the modulo operation needed
by the CRT. New CRT-I states that, given the number {xi,
X3, ..., X,} in the p-moduli set {m,, m,, ..., m,} RNS, its
equivalent binary number X can be derived as [32]:

X=x1+m1|C1x1+...+Cix,-+...+Cpxp _ (®
where

Cy=—k,

Gy = (ki—kymy),

Ci= (kpmy...miy — km,...my), 2<i<p,

Cp: kp_lmz...mp_l

and

|k1m1|m2..m,, =1, |k2mlm2|m3mmp =1.., |kp,1mlm2 M| =1.

The methodology that was proposed for CRT-based
converters can also be applied in the case of converters that
are based on the New CRT-I. Assume that the 2" modulus of
the RNS is m, and that among {m,, ..., m,} exists a modulus
of the 2"+1 form. Suppose that this is m; with 1<i< p. If x; is
encoded in diminished-one, then, similarly to the CRT case, it

should be replaced in Equation (8) by X, +1 , where

X, = 2kx[z + ;4. Thus, i) the vector x; must be used instead
of the vector x; and ii) since x; in Equation (8) is multiplied by

C;, a constant correction term equal to CT = |Ci|m ” must
pem,

be also added. A proof of the validity of the proposed
methodology follows.
Proof:
If x; is replaced by x;
4

Case 1: if x#0, then X; =X,;; and

1

|Cixz{+CT|m2..Amp =|Ci (g +1)|m2“.mp :|Cz'xi|mz..m,, and

Case 2: if x=0 then x =2* and

Cixi+cCT|, =‘Ci(2k “)‘ =|Cimil,, .,
201y my...m, 201y

=0.

We thus have to prove that |Cimi| = |Cix1-|
my...m, my...m,

We consider all different cases for the value of i:

(1) 2<i<p

From the definitions of the £; terms it holds that:

|k,-_1m1 ”'mi_1|ml-“.mp =1=kiym..m_ =1+a(m;..m,)

|kl-m1...ml- =l=k;my..m; =1+b(m,,..m,)

mi+l“'mp

and CT is also taken into account then:

where a, b are constant non-negative integers. Subtracting the
second equation from the first we get:

ki my..m;_y —k;my..m; =a(m;..m,)—=b(my,..m,)

= my..my (ki —k;m;) = (am; —=bymy,,..m,

and taking modulo have:

|m1---mz>1 (ki —k;m; )|

Mi1...My we

=0.
M.y

It is known that if ab=lac| and ged(a,m)=1, where

gcd(a,m) denotes the greatest common divisor of a and m,
then b = |c|m [26, pg. 18]. Considering that:

ged(my..m;_y,my,y..m,) =1, we get:

|my..my_y (ki —kym, )|m[+l_“mp =0

= |my...m;_y (kg = k;m; )|mM_“mp =0-(m;..m;_;) )
= |k —k;m, =0
Mgy,
Since |ab|ac = a|b|c [25, pg. 30], we finally prove that:
|C,-m,- - =|ki_1m2...ml~_1mi —kimy..mymy|
=m2...m,-|k,-_1—kimi =0
M.,
(ii) =2
According to Equation (9), |k1 —k2m2| =0. Hence:
ms...m,
my [ky ~ k2m2|m3...mp =0= |C2’"2|m2...m,,
=k, ‘kzmz)m2|m2“m,, =0
(iii) i=p
If is obvious that
‘Cpmp _— = ‘kpflmz...mp,lmp myom, = 0 .
We conclude that in all cases the correct result is derived.
[

If more than one moduli of the 2°+1 form are present in the
moduli set (e.g. the RNS sets considered in [3], [23]) and all
or some of their corresponding residues are diminished-one
encoded, then the required correction term is equal to the
modulo m,...m, sum of the corresponding C; terms of the
moduli that adopt the diminished-one representation.

Example 3: Consider the {2"-1, 2", 2"+1, 2*+1} RNS which
has a dynamic range approximately equal to 5» bits. X can be

computed from its residues, X; = |X|2n_l , X =|X|2n ,
X3 = |X

encoded, according to the New CRT-I as follows [3]:
X = x2 +2n|C1x1 + C2X2 + C3X3 + C4X4|24,,_1

41 and Xy =|X|22,, 1 where x; and x; are normally

where:

Cl — 24n»2+23n»2+22n»2+2n—2
C2 = _23n

C3 _ _24n-2+23n-2_22n-2+2n-2
C4 — 23n»l 72n—1



Let X1p-1++-X1,00 X2,-1-+-%X2,00 X30---X3,0 and X420+ -X4,0 denote
the bits of the residues x;, x,, x3 and x4 respectively.
According to [3], the following six 4n-bit vectors are derived:

Vi = 201X0,0 X1 et X1,0 X1yt -+ X1,0 X1t -+ X1,0 X1t %1 2
—_—

n n n n—2
V2 = xZ’nil...xLOl...l
S ——

3n
n

n-l n+l n-l n—1

Vi=0x3,..%300..0x; ,....x3 0 0...0
—_——

n-1 ———" n-2
n+l n+l

Vs =X4%400...0x4 5, X4
%,—/

2n-1
n+l n

V6 = IH',_,"IE“,ZH""X“,OIH',_,"I
" 20+l n-l
However, the n most significant bits of vectors V, and Vg can
be swapped forming the vectors ¥, and V, whereV, = L4~1
n

and Vg =X, ,_..% 0 X4 ,-X4pl...] and since it holds that

n 2n+l n-l

=0, Vz' can be ignored. As a result, only

Vilyony =[]y,
three 4n-bit EAC CSAs and a final modulo 2*-1 adder are
required for the reverse converter.

Assume now that both x; and x4 are encoded in diminished-
one. Then, according to the proposed methodology, x; and x4
are replaced by x}=2"x;. +x3; and xj =2""x, +x,,
respectively, and the following correction term, C7, is taken
into account:

CT =|C5+C,|

= ‘(_24;472 4§32 _2n=2 2;172)

3n-1 n—1
+(277 =2
( .
Let x3,...x30 and Xx43,...x49 denote now the bits of the
. 4 ’ . .
residues X3 and x,, respectively. The constant bits of vectors
Vs and Ve the

T, =" =27+ 2" - 12" T, ="' -1

form values

and
respectively. By summing 7, and T, along with CT,

modulo 24”-1, a single overall correction term, CT,,, can be
formed with:

CT,, =|CT +Ty, +Ty,

— ‘23}1—2 _2}1—1 +2n—2 _1

g4n_y 24y

=0..001...1101...1
ntl 2p-1 n—1
We can merge the bits of C7,, with the non-constant bits of V3,
Vsand V{ so as to form the vectors:
V3 =X%31%300...0x5 ,...%3 ¢ MEM...._
-1 p1 ——
n+l n—1
’
VS = X4’n...X4,001 e IX4’2n....X4’n+l and

n+l 201 n

Ve =X 1% 0 X4 2y X4001...1
6 = X2n-1--%2,0%4 20+ X400 1213

n 2n+1 n-l

Thus, the final vectors to be added in a modulo 2*-1 fashion
are V1, V5, Vi, V¢ and V¢ . We conclude that even in the case

where x3 and x4 are encoded in diminished-one, the proposed
converter has zero area and delay overheads compared to the
simplified one previously presented for channels that follow
the normal representation.

]

III. EVALUATION AND COMPARISON

In this section we evaluate the converters that are derived
by following the methodology introduced in the previous
section for several moduli sets. We assume that all channels of
the 2"+1 form follow the diminished-one encoding in all cases.
The proposed converters are based on the corresponding
converters for the normally encoded residues and are designed
by replacing these residue(s) with the corresponding
diminished-one encoded residue(s) and by considering a
constant correction as well. Hence, in the worst case, a
simplified CSA with EAC will be required to accommodate
this constant correction, resulting in a maximum delay
overhead equal to that of the delay of a half-adder (HA) or a
simplified full-adder (SFA) and a maximum area overhead
equal to that of the area of t HAs or SFAs, with ¢ denoting the
width of the constant correction term. However, merging the
constant correction with the constant bits that are already
present in the converters cancels in most cases all area and
delay overheads (see Examples 1-3).

Reference [7] has presented reverse converters for the {2"-1,
2" 2"+1} (k>0) moduli set for a diminished-one encoded
2"+1 channel. However, [7] does not present any details on
how zero values are handled and considers only a specific
moduli set.

Since most reported reverse converters assume normally
encoded modulo 2*+1 operands at their inputs, we compare
the proposed diminished-one converters against those that
assume a normal encoding in these residues. We do not
include the diminished-to-normal converter in the latter which
in every case adds considerable area and delay. Table I
presents comparison results for several CRT-based and New
CRT-I based converters for various moduli sets and reports
the area and delay savings. Ay, (Ty4) denotes the area (delay)
of a HA or an SFA, while 44 denotes the area of a full-adder
(FA). Table I reveals that the proposed converter for the well-
known {2"-1, 2", 2"+1} moduli set is more efficient compared
to the converter of [33] that assumes a normal encoding for
the modulo 2"+1 operands since it has the same delay while is
smaller since n FAs are replaced by HAs/SFAs. Besides that,
in several other moduli set cases, the delay overhead of the
proposed converters is zero and/or the area overhead is very
small, that is, a few HAs of SFAs, unlike the logarithmic to n
overhead that a diminished-to-normal converter would
introduce. This is due to merging the correction term bits of
the proposed methodology with the rest constant bits in each
converter.



TABLE 1
COMPARISON BETWEEN REVERSE CONVERTERS WITH DIMINISHED-ONE
ENCODED AND NORMALLY ENCODED INPUTS

Method  Moduli set Area savings Delay savings
{2"-1,2" 2"+1} [33] 1(Api—Ara) 0
{2-1,2%2"+1} [13] 0 0

CRT {2 2" 1,2"+1} [12] —(n=1)(Ar—Am) 0
{2"22"-1,2%"+1} [11][19] —14m T
{27 2P+1 271 2%P+1} [15] 0 0
{2;‘,21/‘-1,2/41} (a<p) [24] —1 A —Tha
{221 271 2"+1} [17] 14 T
New CRT-Lyn_y it 221y [23] 244 0
{2"-1,2"2"+1, 2% +1}[3] 0 0
. {271,272 +1,2 1) [5] n(Ara—Ar) 0
(F:‘f;{iffge‘ 2122121} [20] n(Ap—Ar) 0
New CRT_I{2:-1,2",2"+1,2" 1-1,2"- -1} [4] n(Api—Arg) 0
Last stage: {26 2"-1,2"+1,2"1-1} [6] 0 0
MRC {27,2"2.1,2"241 21,2211} [21] 0 0
{2"-1,2 2"+1,2"1-1} [22] 0 0

The MRC is another method that is frequently combined
with the CRT or the New CRT-I methods in the design of
reverse converters. Table I also presents comparison results
for several such converters. The reverse converters proposed
in [5], [20] moduli sets are realized in two stages, utilizing the
CRT in the first stage for the moduli subset {2"-1, 2", 2"+1}
and the MRC in the second stage for the last modulo which is
of the 21 form. It is evident that if the modulo 2"+1 channel
is encoded in diminished-one, then the converter of the
Example 2 can be utilized and no other modification is
required. The same holds for the reverse converter of the
moduli set presented in [4] since in the first stage the CRT-
based reverse converter for the {2"-1, 2", 2"+1} set is used and
then the MRC technique is applied twice for the remaining
moduli. A similar approach can be used in the converters of
[6], [21] and [22] leading to diminished-one reverse

converters with the same area and delay requirements as the
normally-encoded ones.

We have to note that the actual savings offered by the
proposed converters would be significantly higher since all
converters with normally-encoded operands at their inputs
have to be accompanied by a diminished-to-normal converter
(DNC) for every modulus channel that adopts the diminished-
one encoding. The latter was not considered in Table 1.

To attain more realistic results, reverse converters for the
moduli sets of Examples 1-3 were described in HDL for
values of n equal to 4, 8, 16 and 32 bits with both normally-
encoded operands (hereafter denoted as normal reverse
converters, NRCs) and diminished-one encoded operands
(hereafter denoted as proposed) of the 2*+1 form. For the sake
of completeness we also examine the corresponding circuits
where the diminished-one encoded operands drive DNC(s)
followed by the normally encoded reverse converter (denoted
as DNC+NRC). After simulating the resulting descriptions,
the converters were synthesized and mapped to a 90 nm
power-characterized CMOS implementation technology. The
Synopsys Design Compiler tool in the topographical mode
was used for synthesis and mapping. Each converter was
recursively optimized for speed using a bottom-up approach.
A final area recovery step was then applied. For obtaining
average power dissipation data, we assumed an operating
frequency of 400MHz and equiprobable inputs.

Tables II, III and IV present the attained area, delay and
power dissipation results for the converters of Examples 1-3
respectively. It is evident that the proposed methodology
results in reverse converters with up to 10% area and 16%
power savings without any loss in delay compared to the
corresponding NRCs. Furthermore, the results indicate that if
the diminished-one encoding is adopted in the modulo 2"+1

TABLE II
CMOS VLSI RESULTS OF REVERSE CONVERTERS FOR THE {2”*", 2M+1,2"-1,2%"+1 } MODULI SET WITH k=n/2.

NRC [15] DNC+NRC [15] Proposed

Savings over NRC [15] Savings over DNC+NRC [15]

n Area Delay Power Area Delay Power Area Delay Power Area Delay Power Area Delay Power
Z ) (ns) (mW) (um’) (ns) (mW) (um’) (ns) (mW) (%) (%) (%) (%) (%) (%)
4 6538 137 091 7300 1.71 095 6550 1369 092 -02 0.0 -0.7 10.3 19.9 3.8
8 14339 1.53 1.88 16347220 1.97 143851.530 1.89 -0.3 0.2 -0.5 12.0 30.5 4.0
16 31710 1.68 3.90 361402.72 4.11 31721 1.676 391 0.0 02 -0.3 12.2 38.4 4.8
32 69231199 846  792273.06 9.00 69222 1.978 8.49 00 04 -0.4 12.6 354 57
TABLE III
CMOS VLSI RESULTS OF REVERSE CONVERTERS FOR THE {2"-1, 2", 2"+1} MODULI SET.
NRC [33] DNC+NRC [33] Proposed Savings over NRC [33] Savings over DNC+NRC [33]
n Area Delay Power Area Delay Power Area Delay Power Area Delay Power Area  Delay Power
D umd) () mW) (umd) () mW) (um®) (ns)  mW) (%) (%) (%) (%) (%) (%)
4 2397 086 035 2615 122 040 2256 0.86 031 59 0.4 10.4 13.7 29.5 22.7
8 5480 1.05 0.77 6119 1.58 0.87 5089 1.03 0.69 7.1 2.6 10.6 16.8 349 21.2
16 12699 1.23 1.73  139052.09 194 11624124 152 85 -0.7 12.1 16.4 40.8 21.6
32 28142142 374 31515253 4.05 25366143 3.15 99 -0.2 15.8 19.5 43.5 22.2
TABLE IV
CMOS VLSI RESULTS OF REVERSE CONVERTERS FOR THE {2"-1, 2", 2"+1, 22”+1} MODULI SET.
NRC [3] DNC+NRC [3] Proposed Savings over NRC [3] Savings over DNC+NRC [3]
Area Delay Power Area Delay Power Area Delay Power Area Delay Power Area  Delay  Power
"md) () mW)  (umd) () (mW)  (@m®) (1) mW) (%) (%) (%) (%) (%) (%)
4 6413 1.38 090 7214 1.69 095 6386 138 0.896 04 -03 -0.1 11.5 18.3 5.8
8 14266 1.57 1.82 16105222 194 14310155 1819 -03 1.1 -0.2 11.2 30.3 6.0
16 31780 1.70 3.90 36037 2.79 425 31654 1.70 3920 04 -0.1 -0.6 12.2 39.1 7.7
32 69143 1.92 839 78714 3.07 898 69256 1.89 8405 -02 1.3 -0.2 12.0 38.4 6.4




channels, then the proposed reverse converters offer
significant savings in all terms (area, delay and power
dissipation) compared to the only equivalent solution which is
to use NRCs driven by DNCs for the diminished-one encoded
operands. In this case, the comparison reveals savings in area,
delay and power dissipation up to 20%, 44% and 23%
respectively. The delay savings are justified by the
logarithmic delay introduced by the controlled binary
incrementer used for the diminished-to-normal conversion,
which was designed as a simplified parallel-prefix-based
structure, in order to be as fast as possible.

IV. CONCLUSIONS

An efficient methodology for designing reverse converters
that assume diminished-one encoded modulo 2°+1 operands
has been proposed. The methodology can be applied to
converters that use the CRT or the New CRT-I methods.
Evaluation and experimental results of the reverse converters
for several moduli sets have shown that they are as efficient as
those that assume the normal encoding for the modulo 2*+1
operands in most cases, while in few cases a very small area
and delay overhead may be required. If however the cost of
the diminished-to-normal converters is also taken into account,
then the proposed converters are much more efficient in all
cases. Hence, adopting the diminished-one encoding for the
modulo 241 residues in an RNS now becomes even more
preferable, since the costly diminished-to-normal conversion
is no longer required before the residue-to-binary conversion.
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