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ABSTRACT 

Novel architectures for designing modulo 2n+1 subtractors 
are introduced, for both the normal and the diminished-one 
number representation of the operands. Zero-handling is 
also considered in the diminished-one operand 
representation case. The modulo 2n+1 subtractors for 
operands in the normal representation that are proposed are 
shown to be more efficient in area, delay and power 
dissipation than the currently most efficient ones. The 
proposed diminished-one modulo 2n+1 subtractors offer 
similar characteristics to those of the corresponding 
diminished-one adders.  
 

Index Terms— Residue number system, modulo 2n+1 
circuits, subtraction, normal and diminished-one number 
representation. 
 

1. INTRODUCTION 
Arithmetic modulo 2n+1 has been used in a variety of 
applications, ranging from pseudorandom number 
generation and cryptography up to digital signal processing 
(DSP). A modulo 2n+1 channel is an integral part of almost 
every Residue Number System (RNS) [1] [2]. RNS is an 
arithmetic system well-suited to applications in which the 
operations are limited to addition, subtraction, multiplication 
and squaring. Since it offers significant speedup over the 
binary system, RNS has been adopted in the design of 
digital signal processors [3] [4], FIR filters [5-7], real-time 
image processing units [8] [9], Discrete Cosine Transform 
processors [10] [11], communication components [12-14] 
and other units [15] [16]. 

Every modulo 2n+1 arithmetic circuit adopts one of two 
proposed representations for its input and output operands. 
The normal (binary) representation of a number in modulo 
2n+1 arithmetic has the disadvantage that it requires (n+1) 
bits while using only the 2n+1 combinations. The 
diminished-one representation [17] attacks this problem by 
representing each operand decreased by one compared to its 
normal representation. As a result, only n bits are used in the 
computation units, leading to more efficient modulo 2n+1 
arithmetic circuits. However, zero operands and results have 
to be treated separately. Several architectures of modulo 

2n+1 adders [18-22] and of modulo 2n+1 multipliers [18] 
[23-25] have been recently presented for both types of 
operands representation. 

Subtraction is another operation frequently met in digital 
signal processing applications [8-11] [15] [16] for 
operations such as mean error estimation, mean square error 
estimation and calculation of sum of absolute differences. 
Since modulo arithmetic is also frequently used in these 
types of applications [1-16], efficient modulo subtraction 
circuits are welcome. However, very little work [26] has 
been presented on the design of modulo 2n+1subtractors. 

In this paper, we deal with the problem of designing 
efficient modulo 2n+1 subtractors, for both the normal and 
the diminished-one operands representation. 

The rest of the paper is organized as follows: The next 
section presents novel architectures for designing modulo 
2n+1 subtraction circuits. Evaluation and experimental 
results are given in Section 3. Finally, conclusions are given 
in the last section. 
 

2. MODULO 2n +1 SUBTRACTION 
In this section we present novel architectures for designing 
modulo 2n+1 subtractors. The first subsection deals with the 
normal number representation whereas the second 
subsection deals with the diminished-one number 
representation. 
 
2.1. Normal Modulo 2n+1 Subtraction 
Let 0aaA n=  and 0bbB n=  denote two (n+1)-bit 

modulo 2n+1 operands, such that nBA 2,0 ≤≤ , that follow 

the normal representation. Let also 
m

x  denote the modulo 
m value of a k-bit operand x. The difference of A and B 
taken modulo 2n+1 (

12 +
−= nBAD ) can be computed as 

follows: 

12

12
1

1212

3

3)12(

)12(2

+

+

+

++

++=

+−−+=

−++=−=

n

n

nn

BA

BA

BABAD

n

n

 

(1) 

978-1-4244-3298-1/09/$25.00 ©2009 IEEE                                                � � � � �             DSP 2009



where B  denotes the 1’s complement of operand B. 
Relation (1) indicates that the modulo 2n+1 difference of A 
and B is equivalent to the sum of A and B  taken modulo 
2n+1 as long as a correction term equal to 3 is also taken 
into account. 

It has recently been shown [21] [22], that the modulo 
2n+1 sum of two (n+1)-bit operands X and Y that follow the 
normal representation can be carried out by a n-bit 
diminished-one modulo 2n+1 adder. Specifically, the n least 
significant bits of X and Y along with a n-bit correction term, 
that depends on the values of the most significant bits of X 
and Y, are firstly added by an inverted end-around-carry 
carry save adder (EAC CSA) which consists of n full adders 
(FAs) and an inverter. The two n-bit outputs of the carry 
save adder are then driven to a diminished-one modulo 2n+1 
adder that produces the n least significant bits of the result. 
The most significant bit of the result is derived by detecting 
whether the two inputs of the diminished-one modulo 2n+1 
adder are complementary or not. According to [21], the area 
overhead for computing the most significant bit of the result 
is negligible when the diminished-one adder is designed 
using a parallel-prefix structure and at the same time the 
delay overhead is zero. Thus, for the modulo 2n+1 addition 
of Χ with Y, it holds that: 

 

121112 +−−+ ++=+ nn CYXYX nn  (2) 
 

where Xn-1 and Yn-1 denote the n least significant bits of X 
and Y respectively and C denotes the n-bit correction term 
which is equal to 1...1(xn NAND yn)(xn XNOR yn) while xn 
and yn denote the most significant bits of X and Y 
respectively. 

We can use the normal modulo 2n+1 addition 
architecture of [21] [22] for the normal modulo 2n+1 
subtraction as well, by substituting X and Y of equation (2) 
with A and B  of equation (1). Furthermore, the constant 
value of 3 of equation (1) has to be considered along with 
the correction term C of equation (2). This leads us to a new 
correction term C′  that is (n+1)-bit wide and its value is 
equal to (an AND nb )0...0( na  AND bn). According to [21], 
when the correction term C′  is equal to 2n, then the carry 
save addition is not required and the inputs of the 
diminished-one adder should be driven directly by the n 
least significant bits of A and B .  

The above analysis leads to the proposed architecture 
for the modulo 2n+1 subtractor that is presented in Figure 1. 
Two n-bit 2-to-1 multiplexers are used between the carry 
save adder and the diminished-one adder with a common 
select signal which is equal to (an AND nb ). Furthermore, 
the (n-1)-bit leftmost FAs of the carry save adder can be 
simplified to half adders (HAs) since C′  consists of (n-1) 
zeros and the rightmost FA along with the 2-input NOR 
logic gate can also be simplified since an (bn) and a0 (b0) 
cannot be simultaneously at value 1 in modulo 2n+1 
arithmetic. 
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Fig. 1.  Proposed modulo 2n+1 subtractor for operands in the normal 
representation.  
 
2.2. Diminished-one Modulo 2n+1 Subtraction 
Let A* and B* denote the diminished-one representation of A 
and B, respectively, with nBA 2,0 ≤< . Both A* and B* are 
n-bits wide, while A*=A–1 and B*=B–1. A diminished-one 
subtractor of A and B (that is, a circuit that accepts A* and B* 
and produces the diminished-one representation D* of the 
difference 12 +

−= nBAD ) can be computed as follows:  
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It is well known [18] [19], that the operation of a 
diminished-1 modulo 2n+1 adder is equivalent to that of an 
integer adder with inverted end-around-carry. Therefore, if 
it is driven by two n-bit operands X and Y it 
computes

121 +++ nYX . Hence, the diminished-one modulo 
2n+1 subtraction indicated in equation (3) can be achieved 
by a diminished-one modulo 2n+1 adder driven by A* and 

*B . 



We further need to consider the cases where A or B or 
the result are equal to zero. Arithmetic circuits that deal with 
operands in the diminished-one representation usually 
utilize an extra bit for every operand, along with the n bits 
of its diminished-one representation, that indicates the case 
that the operand has a value equal to zero [20]. Let us 
denote as Az and Bz the zero indication bits of A and B 
respectively, and as Dz the zero indication bit of D. The 
values of Dz and D* for the four different combinations of Az 
and Bz are given in Table I. The third line of Table I is 
justified as follows: When A=0 and B≠0, then 

01212 ≠−=−= ++ nn BBAD . Hence, Dz=0 and  
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Figure 2 presents the proposed architecture for a 
diminished-one modulo 2n+1 subtractor capable of zero-
handling. It is based on a diminished-one modulo 2n+1 
adder and a n-bit 4-to-1 multiplexer. Az and Bz are used as 
the select signals of the multiplexer. The zero indication of 
the result is equal to 1 when: (a) A=B=0, or (b) A=B and 
A,B≠0. The first case can be detected by a 2-input AND gate 
whereas the second case can be detected by checking 
whether A* and *B  have complementary values, or 
equivalently, by utilizing the enhanced diminished-one 
modulo 2n+1 adder used in the previous subsection for the 
normal operands.  

Unfortunately, the 4-to-1 multiplexer resides on the 
critical path of the circuit and therefore contributes to the 
delay of the modulo subtraction operation. A similar 
problem appears in the diminished-one modulo 2n+1 adders 
case. To remove this additional delay, [20] presented a new 
diminished-one adder architecture that embeds the treatment  
of the zero operands within the parallel prefix structure of 
the adder and cancels the need for the 4-to-1 multiplexer. 
Since the proposed diminished-one modulo 2n+1 subtractor 
is built around a diminished modulo 2n+1 adder, we can also 
eliminate the 4-to-1 multiplexer by using as the diminished-
one modulo 2n+1 adder the one proposed in [20]. Then the 
resulting  subtractor  circuit  takes   the   form   of   Figure 3.  
 

TABLE I 
TRUTH TABLE FOR DIMINISHED-ONE MODULO 2N+1 SUBTRACTION 

♦ Depends on the values of A* and B*. 

 
Fig. 2.  Initial proposal for a diminished-one modulo 2n+1 subtractor with 
zero-handling capability. 
 
The adder’s inputs are the A* and *B  n-bit operands, along 
with the Az and Bz zero indications.  However, when Bz=1 
(B=0), the second input of the adder should be driven with 
the all zero value and not with the all one value, in order to 
get the correct result. Hence, n 2-input NOR gates have to 
be used. The first input of every NOR gate is connected to 
Bz, while the second input is connected to *

iB , i=0...n-1. 
 

  
Fig. 3.  Proposed diminished-one modulo 2n+1 subtractor with zero-
handling capability.  
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3. EVALUATION AND COMPARISONS 
In this section we evaluate the circuits that result from the 
architectures that were proposed in the previous section and 
compare them with previously-presented architectures. 
 
3.1. Normal Modulo 2n+1 Subtraction 
The proposed circuits for normal modulo 2n+1 subtraction 
consist of: (a) (n-1) half adders and a simplified full adder 
for the inverted EAC CSA, (b) an enhanced diminished-one 
modulo 2n+1 adder for the final addition [21], and (c) two n-
bit 2-to-1 multiplexers for driving the appropriate inputs to 
the diminished-one modulo adder. We will compare our 
proposal against another recently proposed architecture [26] 
for modulo 2n+1 subtraction of operands that follow the 
normal representation.  

The architecture of [26] has been derived based on the 
equation: 
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To implement equation (5), [26] first converts the input 
operands A and B from unsigned numbers to signed 
numbers. It then computes both terms of equation (5) in 
parallel, using one 2-input binary adder and one 3-input 
binary adder. Finally, one (n+1)-bit 2-to-1 multiplexer is 
used to select between the outputs of the two binary adders 
and derive the correct result. Some further logic is also 
required that generates the selection signal of the 
multiplexer.  

Comparing the architecture of [26] with the proposed 
architecture, we can notice that the 2-input binary adder of 
[26] and the diminished-one modulo 2n+1 adder have 
similar area and delay requirements. The architecture of [26] 
further requires a 3-input binary adder and a (n+1)-bit 2-to-1 
multiplexer, whereas the proposed architecture, besides the 
diminished-one adder, requires an inverted EAC CSA which 
mainly consists of half-adders, and two n-bit 2-to-1 
multiplexers. Hence, we expect that the two architectures 
result in circuits with similar delays but the circuits of the 
proposed architecture require less area than that of [26]. 

In order to compare the area, delay and average power 
of the two architectures, we described in HDL modulo 2n+1 
subtractors assuming the proposed architecture as well as 
the architecture of [26]. We considered three different 
values of n, that is, n=4, 8 and 16. All binary adders follow 
the Kogge-Stone [27] parallel-prefix carry computation. The 
diminished-one modulo 2n+1 adders follow the parallel-
prefix carry computation of [19]. After validating the correct 
operation of the HDL descriptions, each design was 
synthesized and mapped to a 90nm power-characterized 
CMOS standard-cell library, assuming typical process 
parameters. Then, each design was optimized for area and 
delay using a standard optimization script. Finally, area and 
delay estimates were derived. For obtaining average 
dynamic power estimations, we followed a simulation-
driven approach. We applied 50,000 random input vectors at 

a 500 MHz frequency at each design netlist and measured 
the average power dissipation using a commercial power 
estimator. The same vectors were applied to the 
corresponding netlists of the architectures under 
comparison. The attained area, delay and power estimates 
are given in Tables II, III, and IV, respectively. 

The derived results indicate that the proposed 
subtractors offer significant savings in area and average 
power dissipation compared to the circuits of [26]. Savings 
up to 33% and 40% in the required implementation area and 
the average power consumed are observed in Tables II and 
IV, respectively. Furthermore, the proposed subtractors 
achieve higher operation frequencies. 

 
3.2. Diminished-one Modulo 2n+1 Subtraction 
The proposed circuits for diminished-one modulo 2n+1 
subtraction, for a specific value of n, consist of: (a) n NOT 
logic gates for inverting the B* operand, and (b) a 
diminished-one modulo 2n+1 adder. If zero-handling is also 
required, then the proposed corresponding circuit consists 
of: (a) n 2-input NOR gates for controlling the B* operand, 
and (b) a diminished-one modulo 2n+1 adder with embedded 
zero-handling capability. 

To the best of our knowledge, the proposed diminished-
one modulo 2n+1 subtractors of subsection 2.2 are the first 
ones reported in the open literature. Therefore, a direct 
comparison against some other architecture is not currently 
possible. However, it is obvious that the proposed modulo 
2n+1 subtractors offer comparable area, delay and power 
characteristics with those of the corresponding adders, since 
their only overhead against the latter is few logic gates. 

 
TABLE II 

AREA ESTIMATES OF MODULO 2N+1 SUBTRACTORS FOR OPERANDS 
FOLLOWING THE NORMAL REPRESENTATION 

n 
 [26] 

(μm2) 
Proposed 

(μm2) 
Savings 

(%) 

4  2105 1401 33.4 
8  3885 3110 19.9 

16  8248 6827 17.2 
 

TABLE III 
DELAY ESTIMATES OF MODULO 2N+1 SUBTRACTORS FOR OPERANDS 

FOLLOWING THE NORMAL REPRESENTATION 

n 
 [26] 

(ns) 
Proposed 

(ns) 
Savings 

(%) 

4  0.38 0.35 7.9 
8  0.44 0.41 6.8 

16  0.52 0.51 1.9 
  

TABLE IV 
POWER ESTIMATES OF MODULO 2N+1 SUBTRACTORS FOR OPERANDS 

FOLLOWING THE NORMAL REPRESENTATION 

n 
 [26] 

(mW) 
Proposed 

(mW) 
Savings 

(%) 

4  0.87 0.52 40.6 
8  1.63 1.11 32.0 

16  3.35 2.69 19.7 
 



4. CONCLUSIONS 
Modulo 2n+1 arithmetic either independently or as a part of 
an RNS has found applicability in a variety of DSP 
algorithms implementations and in the design of DSP 
processors. Therefore, efficient implementations of modulo 
2n+1 arithmetic units are always welcome. 

In this paper we have presented novel architectures for 
modulo 2n+1 subtraction circuits, for operands in either the 
normal or the diminished-one representation. Experimental 
results indicate that the proposed subtractors for operands in 
the normal representation offer significantly less area and 
consume significantly less power than those previously 
reported [26], while also being faster. The proposed 
subtractors for operands in the diminished-one 
representation are capable of handling zero-operands and 
stem from adding few logic gates over the corresponding 
diminished-one modulo 2n+1 adders. As a result, their delay, 
area and power characteristics are expected to be very close 
to those of the adders and therefore of high efficiency. 
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